This paper addresses a new method for order reduction of linear time invariant discrete-time controller. This method leads to a new algorithm for controller reduction when a discrete time controller is used to control a continuous time plant. In this algorithm, at first, a full order controller is designed in s -plane. Then, bilinear transformation is applied to map the closed loop system to z -plane. Next, new closed loop controllability and observability grammians are calculated in z -plane. Finally, balanced truncation idea is used to reduce the order of controller. The stability property of the reduced order controller is discussed. To verify the effectiveness of our method, a reduced controller is designed for four discs system. K e y w o r d s:
INTRODUCTION
In many industrial control systems, simple controllers are preferable. But in some type of modern control strategy such as the linear quadratic Gaussian (LQG) and H ∞ , design procedure leads to high order controllers. Therefore, controller order reduction is one of the main research topics. Controller reduction methods can be divided in two classes: direct [1, 2] and indirect [3] [4] [5] [6] . The common philosophy in direct method is to seek to minimize a quadratic performance index subject to the constraint that the controller has fixed degree. Controller reduction with the former method mostly yields a closed loop system with poor robustness [4] . The main idea in latter way is first to design a high order performance controller and subsequently to reduce its order. This approach can take closed-loop performance and stability into account in the reduction process of the controllers. Such approach considers in this paper.
Most commonly model reduction techniques are also used for controller reduction but with loop consideration. So for introducing the controller reduction methods it is useful to review model reduction techniques. The balanced realization [7] has been a significant contribution to system theory. Especially, its application to model reduction known as balanced truncation which can preserve stability and gives an explicit bound on frequency response error [3] . Ideally, it is important that the error between the original and reduced-order model is small for all frequencies. However, the operational frequency bandwidth of a system is a critical factor which should be addressed as an integrated part of any reliable model reduction scheme [8] .
One of the common methods in model or controller reduction is the frequency weighted balanced truncation. Enns [3] extended the results in [7] to frequency weights of a full order model. The method may use input weighting, output weighting, or both. With only one weighting present, stability of the reduced order model is guaranteed [3] . However, with both weightings, the method may yield unstable models. In order to overcome this problem, several methods such as [6, [8] [9] [10] were introduced. Karimaghaee et al [8] developed a method for model reduction based on definition of controllability and observability grammians in the frequency domain. Their technique is based on a conceptual viewpoint regarding the balancing of the controllability and observability grammians of a multivariable system in a given range of frequency. Based on the latest idea, Sadeghian et al [6] proposed new approach for controller reduction. This method is based on newly defined controllability and observability grammians which are calculated from input to state and state to output characteristics of the controller in a certain frequency domain.
Sampled-data feedback control has received much attention in the area of control system design. Moreover, bilinear transformation finds application in the areas of digital control and signals processing, and is used to determine a discrete equivalent of an analog transfer function for digital computer implementation of the analog control systems. The objective of this paper is to develop new method to reduce the dimension of discrete time controller, when it is used for the control of continues time plant. The controllability and observability grammians of discrete-time controller in a closed loop manner is used instead of continuous time grammians. Hence, we utilize these new forms of grammians in order to have a reduce order controller in a similar way as the conventional balanced truncation methods. By usage of frequency weighted grammians it is possible to obtain a reduced order controller in the desired frequency band.
The structure of the paper is as follows; we review some useful conceptions and definitions in Section 2. Two new grammians for discrete-time closed loop system will be defined in Section 3. Similar to balanced truncation idea in [7, 11] , Section 4 is allocated to controller reduction based on balancing new grammians introduced in the last section and then eliminating states corresponding to small Hankel singular values. Stability problem of closed loop system with reduced order controller is discussed in Section 5. Simulation results are included in Section 6. Finally in Section 7, concluding remarks and future extensions are addressed.
PRELIMINARIES
Some useful preliminaries conceptions will be reviewed in this section. They are necessary to introduce our method. Consider an n th-order LTI asymptotically stable continuous system with minimal realization (A, B, C) with system equations aṡ
where u ∈ R p , y ∈ R q , x ∈ R n are the input, output, and state, respectively. Also,
q×n are real valued matrices.
The controllability and observability grammians of system (2.1) can be defined respectively as
At BBT ⊤e
For an asymptotically stable system, the following Lyapunov equations are satisfied by the grammian matrices of (2.2).
It has been shown [7] that similarity transformation can be found such that the system is internally balanced, that is, the matrices P , Q are equal and diagonal
where
. . , n − 1 are the grammians singular values and are invariant under similarity transformation. Based on the order of magnitude of singular values, this balanced system and its corresponding grammians can be partitioned as below 
where x k ∈ R nc is a state vector, u k ∈ R q represents the input vector of the controller, and y k ∈ R p is the output of the controller with matrices A k , B k , and C k in the appropriate dimensions and r ∈ R q is the reference input of the closed loop system. The plant and controller order are n and n c , respectively.
Sadeghian et al [6] defined the following grammians
7)
Q kc = 1 2π
These matrices were called frequency-domain closed loop controllability and observability grammians of controller, and will be used for controller order reduction. In [6] , it was shown that, frequency-domain closed loop controllability grammian of controller, P kc indicates the distribution of energy at the state variables due to white noise command signal r and observability grammian displays the distribution of energy from state variables of controller to output of closed loop system. Therefore, they could eliminate those parts of these state variables which are less affected by input command r and in turn have less influence on output y .
In this section, new forms of controllability and observability grammians are introduced. In this way we consider the effect of controller disceretization on grammians (2-7) and (2) (3) (4) (5) (6) (7) (8) . At first consider the s-plane to z -plane mapping with bilinear transformation
and define 
which imply
Now map the closed loop system in Fig. 1 to z domain using bilinear transformation. Without loss of generality, we choose α = 1 and β = 2. With substituting z = ejω in (3.1), we have w = 2 tan ω 2 .
From (3.3) and changing variable w in integrals (2.7) and (2.8) results in
. In general, command signal is limited in a certain frequency domain, it is desirable to be able to tight the frequency domain and this can be easily done by limiting the frequency range of reference input signal. In this case, consider the input signal r(e jω ) which its energy density spectrum is mainly confined in frequency range [ω 0 , ω 1 ] and nearly zero elsewhere; that is
So the new controllability and observability grammians of controller in the specified frequency range can be defined as
, (3.6)
Grammians P kc and Q kc can also be defined as frequency-domain closed loop controllability and observability grammians of controller in frequency range [ω 0 , ω 1 ] , respectively. It should be noted that the matrix J is not zero. Therefore one advantage of this method is that it is not necessary to assume that K(z) is strictly proper.
PROPOSED APPROACH
In [6] , it is shown that there exists a similarity transformation in which the closed loop controllability and observability grammians of controller can be diagonolized and equal, that is,
. . , n c − 1. Then each element of matrix Σ f shows the proportions of any of the state variables of controller being influenced by command input while simultaneously affect them on the output in frequency range [ω 0 , ω 1 ] . This interpretation will be used in reducing the order of controller. Suppose
is a balanced realization of K(z) in a closed loop manner whenP
where matricesΦ i ,Γ i ,Ĥ i , and J i are partitioned according to the order of Σ i . If the Hankel singular values Σ 1 and Σ 2 are disjoint, then the reduced state equation
is balanced. If the singular values of Σ 2 are much smaller than those of Σ 1 , then the transfer function of the closed loop system with the controller of (4.3) is a good approximation for the transfer function of full order closed loop system. Therefore the new controller reduction algorithm can be described in the following steps
Step I. Map full order continuous controller to z -plane using bilinear transformation.
Step II. Calculate the closed loop controllability and observability grammians P kc and Q kc in the desired frequency range, from equations (3.6), (3.7).
Step III. Find a similarity transformation T that makes the closed loop controller grammians balanced, that is,
Step IV. Partition the transformed controller as equation (4.3) based on the magnitude of Hankel singular values. The subsystem (Φ 11 ,Γ 1 ,Ĥ 1 , J 1 ) is the reduced order controller.
STABILITY
In this section, stability of the reduced order controller is investigated. Assume that the full order controller is asymptotically stable. So the following Lyapunov equations can be written [6] 
where L and N are the specific matrix which were defined in [6] . Now we establish P kc and Q kc such that the corresponding discrete-time Lyapunov equations are satisfied. By substituting Φ = (2I + A k ) −1 (2I − A k ) in (5.1) and (5.2) results in
3)
The right side of the Lyapunov equations (5.3) and (5.4) is negative semi definite. Since P kc and Q kc satisfy the Lyapunov equations, the stability of the reduced order controller is automatically guaranteed [13] . From the above results, Theorem 5.1 is immediate. 
SIMULATION RESULTS
In this section, a reduced order controller is designed for four discs system [14] 
. Although our method is proposed for discrete-time systems, Tab. 1 compares the approximation errors ∥W (s)(K(s) − K r (s))V (s)∥ ∞ obtained using Enns [3] method, Wang et als [10] method, Varga and Andersons [5] method and our new method, both in s-plane and z -plane. For a practical closed loop control system, it is necessary to discretize the controller part in order to implement it in a digital hardware. Therefore we must take into account an additional error budget for these methods in comparison with this new method. 
CONCLUSIONS
In this paper we have proposed a new approach for discrete-time controller order reduction based on the frequency weighted closed loop controllability and observability grammians of controller. For asymptotically stable high order controller, it has been shown that the reduced form controller is also asymptotically stable. The results of simulation show the effectiveness of new frequency weighted method. Synthesis of controller reduction for linear time varying and nonlinear plants could be as appropriate future works.
